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Abstract.
We have solved the stress-equilibrium and compatibility equations in three dimensions in terms of a scalar stress function which satisfies a fourth order partial differential equation. The solution also includes operations on two integrals which exhibit the longitudinal and shear components explicitly. All possible relationships involving equilibrium and compatibility conditions result in the same fourth order differential equation involving time and space coordinates. For the static case this equation reduces to the biharmonic equation V4 x = 0.
1. Introduction.
Up to the present time it has been considered difficult, if not impossible to solve the three dimensional stress equilibrium and compatibility equations in terms of a scaler stress function which satisfies a biharmonic equation, except under very special circumstances. Timoshenko1 has given the static stress components of a circular cylinder in the absence of body forces and temperature field in terms of a scalar stress function which satisfies a biharmonic equation.
However, if one starts out with Hooke's Law, the equilibrium condition, and the compatibility conditions, one can derive the dynamic equilibrium and compatibility equations in the presence of body forces and temperature field and define a displacement vector for small displacement theory. The displacement vector enables one to derive Navier's equation.
It is shown in the text that a solution of Navier's equation guarantees a solution to the equilibrium and compatibility equations since the stresses are derived from the Duhamel-Neumann relations. Navier's equation is separated into a homogeneous and and where du = 0 if i ^ j and 1 if i = j and S = T^L.-<?,< .
If we take the trace of the strain tensor, we find that
Solving for S and replacing it in Eq. (2.1) we have a.. = 2Ge" + [Xe -(3X + 2G)aT] 5,,-.
( 2.3)
The compatibility conditions require that
for i, j, k, I = 1, 2, 3. These equations are satisfied exactly if
One can see then that e = V • u and
The equilibrium condition is E drjdx, + Ki = 0 (2.7) i where it is understood that Zv\ = F{ -p(d2Ui/dt2) where F is the body force.
(2.8)
By manipulating the compatibility conditions (Eq. 2.4) and making use of (Eq. 2.7), one can derive the compatibility equations,
Making use of the definition of K, we have It will be convenient to calculate the solutions in Cartesian form. One can obtain the stress components for another geometry by transforming each of the components, or one can change the tensor form of the solutions into dyadic form, thus allowing one to write out the component of any geometry immediately. We shall do this in the appendix and exhibit the cylindrical and spherical components explicitly.
We can rewrite the equilibrium and compatibility equations in terms of the displacements. They both are equivalent and are made up of a homogeneous part and an inhomogeneous part. The inhomogenous portion of the equation comes from the contribution of the body forces and temperature field. The inhomogeneous part leads to a particular integral which can be obtained by solving the wave equation.
The homogeneous portion has as its solution arbitrary functions which can be determined by the boundary conditions imposed on the displacements and/or the stresses. Since the displacements and stress components are derived from the same stress function, they can be used in any combination as boundary conditions which are consistent with the equilibrium and compatibility conditions.
3. Solution to equations. Let us write the equilibrium equation (2.10) in terms of the displacements. We obtain
Making use of the definition of the Lam6 constants, we obtain
If we rewrite the compatibility equation (2.11) in terms of the displacement and manipulate, we obtain
The terms in the first two brackets of Eq. The terms in the second and third brackets are identically zero, since they are identical to Eq. (3.14) and (3.15). Equation (3.19) then reduces to Eq. (3.10) which is the fourth order equation for x-We have arbitrarily chosen the constant a to be (-1/2G). 4. Displacements, strains, and stresses. The displacements are now defined to be
The strains become
e" 2G ds dx< dxf + 2G '■* dx,-X + 2G dx< X +1£ (t)+1 te)+1 £ <w)<+1 £ (v*»' ■ <4 2) 2G (1 " 2"} 5'" ax,, a? + l -2,5i' v * + c a.r,. U, G t (£;)+ G £ (w)< + ai (v'*h -*><*■ <4-3>
The s axis is chosen to be the axis of symmetry. In the case of bodies of revolution the axis of symmetry is generally chosen to be the z axis. In the absence of symmetry, we shall choose the s axis to be the z axis. The quantities dp/dx,-and (V#),-are given by Eqs. (3.16) and (3.17) respectively.
No boundary conditions have been specified in the solution to the equilibrium and compatibility equations. Any combination of boundary conditions on the displacements and stress components can be specified since they are derived from the same scalar stress function. The boundary conditions must, of course, be consistent with the equilibrium and compatibility conditions.
The only assumptions made are that the displacements are small, i.e., the quadratic terms in the strain can be neglected, and that the surfaces are simply connected. For bodies which have holes, double surfaces, etc., it will be necessary to break up these bodies into simple geometries and apply connecting boundary conditions where connections exist.
5. Appendix. Stress Components in Curvilinear Coordinates. It would be instructive to see how the stresses and displacements appear in an other than Cartesian coordinate system. To do this let us write Eqs. + t~2~ V2$ + 2G~ -2G 7-^ aT,
